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1. Introduction

Tensor categories appear, as a ubiquitous algebraic structure, in many areas of
mathematics and theoretical physics, for example representation theory, quan-
tum algebra, topology, quantum computation, conformal field theory, and topo-
logical orders. The classification problem of tensor categories has been a central
research theme for the last several decades.

In the theory of tensor categories, the idea of Tannakian formalism is indis-
pensable and aims to concretize abstract tensor categories as module categories
of concrete algebras. Though a criterion for the reconstruction of general tensor
categories is not yet available, Etingof and Ostrik observed in [13] the important
fact that any finite tensor category whose objects all have integer Frobenius—
Perron dimension is equivalent to the module category of a finite-dimensional
quasi-Hopf algebra. This reduces the classification problem of finite pointed
tensor category to that of elementary quasi-Hopf algebras. Recall that an alge-
bra is said to be elementary, if it is finite-dimensional and its simple modules
are 1-dimensional.

The classification problem of finite pointed tensor categories motivates many
new constructions of elementary quasi-Hopf algebras. Certainly this is closely
related to that of finite-dimensional pointed Hopf algebras, as the dual of the
latter are elementary Hopf algebras. Therefore, the beautiful theory of finite-
dimensional pointed Hopf algebras of Andruskiewitch and Schneider (see [1]
and references therein) serves as the starting point for the investigation of ele-
mentary quasi-Hopf algebras. Etingof and Gelaki started the pioneering work
and published a series of papers [11, 14, 9, 12], in which they provided a new
method of constructing genuine elementary quasi-Hopf algebras from known
finite-dimensional pointed Hopf algebras and obtained an explicit classification
for genuine elementary quasi-Hopf algebras over cyclic groups of prime order.
Along the same line, in [2] Angiono extended Etingof and Gelaki’s construc-
tion and achieved a complete classification of genuine elementary quasi-Hopf
algebras over cyclic groups whose order is not divisible by 2,3,5,7. Here, by
“genuine” is meant the quasi-Hopf algebra is not twist equivalent to a Hopf
algebra.

On the other hand, the well-developed ideas and techniques from the rep-
resentation theory of finite-dimensional algebras (see, e.g., [3]) can be natu-
rally applied to the classification problem of finite pointed tensor categories.



Vol. 209, 2015 GRADED ELEMENTARY QUASI-HOPF ALGEBRAS 159

In particular, the handy quiver techniques help to visualize the constructions
of elementary quasi-Hopf algebras and their representations, and thus finite
pointed tensor categories. This paper aims to contribute more classification re-
sults within the quiver framework of tensor categories and quasi-Hopf algebras
initiated in [16, 17, 19]. The ultimate goal is to provide a complete classification
of elementary quasi-Hopf algebras and the associated finite pointed tensor cat-
egories. In the representation theory of finite-dimensional algebras, the concept
of representation types is a valuable invariant which measures the complexity
of representation categories. The well-known trichotomy theorem of Drozd [§]
asserts that the representation category of an algebra is either of finite, tame,
or wild type and these three are exclusive. Roughly speaking, the cardinality
of the set of finite-dimensional indecomposable representations is either finite,
infinite but at any fixed dimension almost all contained in a finite number of
one-parameter families, or infinite but not as the previous case. Representa-
tion types provide a natural standard for the classification of finite-dimensional
algebras and their representations.

Unfortunately, it is generally believed to be an impossible mission to give
an explicit trichotomy for all finite dimensional algebras via their representa-
tion types. However, such an aim seems reasonable for elementary quasi-Hopf
algebras over an algebraically closed field of characteristic 0. For elementary
Hopf algebras, an explicit trichotomy has been achieved in [24, 22, 18, 23]. For
elementary quasi-Hopf algebras, those of finite representation type have been
obtained in [19]. As a continuation of [19], the purpose of this paper is to pro-
vide a complete classification of elementary graded quasi-Hopf algebras of tame
type. This will complete the trichotomy of the class of elementary graded quasi-
Hopf algebras and the corresponding class of finite pointed tensor categories in
the sense of Drozd.

Comparing with the case of Hopf algebras, or equivalently finite pointed ten-
sor categories with fiber functors, we are facing two obvious difficulties. The first
is that the classification procedure developed in [18, 23] is not applicable directly
to the quasi-Hopf case. A key step in the Hopf case is to decompose a graded
elementary Hopf algebra H as the biproduct or bosonization Ry#H/Jy where
Ry is a local subalgebra and thus Ringel’s remarkable classification result [25]
about local algebras can be applied. Though in the quasi-Hopf case one may still
define biproduct or bosonization accordingly (see, e.g., [4]), the resulting algebra
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Ry is not, in general, a usual associative algebra and if we make it into an asso-
ciative algebra artificially, then Ry is not a subalgebra. The second is that the
associators of quasi-Hopf algebras are generally nontrivial and we need to deal
with 3-cocycles over abelian groups which are not cyclic. To overcome the first
difficulty, our basic idea is to realize a quasi-Hopf algebra of tame type as a sub-
algebra of a Hopf algebra with the same representation type. It turns out that
the recently developed methods of equivariantization and de-equivariantization
[9, 14, 7] can be applied. A key observation is that representation type is an in-
variant under the equivariantization and de-equivariantization procedures. This
helps to construct new graded quasi-Hopf algebras of tame type from known
Hopf algebras. For the second, we may use the unified formulae of normalized
3-cocycles of finite abelian groups obtained in [20]. Another key observation
is that we only need to deal with 3-cocycles w on the direct product of two
cyclic groups Zy, X Z, and they are resolvable in bigger finite abelian groups,
i.e., there exist group epimorphisms 7 : Z,2 X Zp2 — Zm X Zn such that the
pull-back 7*(w) are coboundaries. This observation allows us to prove that the
constructed graded quasi-Hopf algebras previously exhaust all genuine graded
quasi-Hopf algebras of tame type.

The paper is organized as follows. In Section 2, some preliminaries are pro-
vided. In particular, the basic ingredients of quiver methods and the definitions
of equivariantization and de-equivariantization are recalled. In Section 3, we
show that representation type is an invariant under the equivariantization and
de-equivariantization procedures. As a technical preparation, Section 4 is de-
voted to the analysis of the generators of abelian groups. In Section 5, some new
quasi-Hopf algebras are constructed. The main result is formulated in Section
6, which states that any tame graded elementary quasi-Hopf algebra is twist
equivalent to either a Hopf algebra as given in [18] or a quasi-Hopf algebra as
constructed in Section 5.

Throughout this paper, we work over an algebraically closed field & of charac-
teristic zero. For convenience, we fix some notation. Given any natural numbers
m,n, let ["] denote the floor function of m,n, i.e., the biggest integer which is
not bigger than ". Let G be a finite group and g € G; by o(g) we denote the
order of g.
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2. Preliminaries

In this section, we will recall the definition of quasi-Hopf algebras, equivarianti-
zation and de-equivariantization that appeared in [7], representation types and
some basic facts about Hopf quivers [5] (or equivalently covering quivers [15]).

2.1. QuASI-HOPF ALGEBRAS. A quasi-bialgebra (H, M, u, A, ¢, ¢) is a k-algebra
(H,M, p) with two algebra morphisms A : H — H ® H (the comultiplication)
and € : H — k (the counit), and an invertible element ¢ € H ® H @ H (called
the associator), such that

1) (Id®A)A(a)p = ¢(A ®Id)A(a), Va € H,

2)  (IdeIdeA)(¢)(A @Id®Id)(¢) = (1 ® ¢)(Id ®A @ 1d)(4)(¢ @ 1),
3) (e ®Id)A =1d = (Id ®e)A,
4)

2.
2.
2.
2. (Id@e ®1d)(¢) = 1® 1.

(
(
(
(

We denote ¢ = X' @YV @ Z and ¢! = X' @Y ' ® Z'. Then a
quasi-bialgebra H is called a quasi-Hopf algebra if there is a linear algebra
antimorphism S : H — H (the antipode) and two elements «, 8 € H satisfying
for all a € H,

(2.5) ZS(a(l))aa(g) = ae(a), Z ayBS(ac)) = Be(a),
(2.6) D XBS(YNaz =1=) S(X)aYiBS(Z’).

We say that an invertible element J € H ® H is a twist of H if it satisfies
(e ®1d)(J) = (Id®e)(J) = 1. For a twist J = > fi ® g; with inverse J~! =
Z fl & i, set

ay =Y S(fi)agi, Br=_ fiBS(g)
It is well known that given a twist J of H, then one can construct a new quasi-

Hopf algebra structure [6] H/ = (H,Aj,e,®;,5, oz, [37) on the algebra H,
where

Aj(a) = JA(a)J !, Ya € H,
and
d;=(1J)(IdA))(AxId)J ) (Je1)~

Definition 2.1: Two quasi-Hopf algebras H; and Hs are called twist equivalent
if there is a twist J of H;y such that Hy = H{ as quasi-Hopf algebras.
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2.2. EQUIVARIANTIZATION AND DE-EQUIVARIANTIZATION. Let C be a k-linear
category. Let End(C) denote the category of k-linear functors C — C. This is a
monoidal k-linear category (the tensor product is the composition of functors).

For a finite group G, let G denote the corresponding monoidal category: the
objects of G are elements of G, the only morphisms are the identities and the

tensor product is given by multiplication in G.
Definition 2.2: An action of G on C is a monoidal functor F: G — End(C).

Remark 2.3: If C is a tensor category over k, then we use Aut(C) to denote
the category whose objects are tensor auto-equivalences of C and whose mor-
phisms are isomorphisms of tensor functors. And an action of G on C is defined
correspondingly as a monoidal functor F': G — Aut(C).

Let G be a finite group acting on a k-linear abelian category C. For any
g € G let F; € End(C) be the corresponding functor, and for any ¢g,h € G let
Yg,n be the isomorphism F, o F}, o~ Fy;, that defines the tensor structure on the
functor F : G — End(C). A G-equivariant object of C is an object X € C
together with isomorphisms ug : Fy(X) =~ X such that the diagram

Fy(un)
Fy(Fr(X)) » Fy(X)
Yg.h Ug
A\ ugh A\l
th(X) s X

commutes for all g,h € G.

One defines morphisms of equivariant objects to be morphisms in C commut-
ing with ug, g € G. The category of G-equivariant objects of C will be denoted
by C%, which is called the equivariantization of C.

Let A := Fun(G) be the algebra of functions G — k. The group G acts on
A by left translations, so A can be considered as an algebra in the monoidal
category Rep(G). Let D be a k-abelian category with a k-linear action of
Rep(G), that is, there is a k-linear monoidal functor F' : Rep(G) — End(D).
The category of A-modules in D will be called the de-equivariantization of
D, which will be denoted by Dg.
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Let C be a k-abelian category with a G-action F': G — End(C). Clearly, we
have the following two functors:

The forgetful functor & : C% = C

The induced functor Ind: C — C%, Ind(X):= @ Fy(X).
geG
The following lemma is derived from [7, Lemma 4.6] directly (though [7, Lemma
4.6] is proved in the semisimple case, it is clearly true for the non-semisimple
case).

LEMMA 2.4: For X € C and Y € CY, we have
X|®(Ind(X)), Y |Ind(®(Y)).
Here and below, by X|Z it is meant that X is a direct summand of Z.

The main property of equivariantization and de-equivariantization is recalled
in the following lemma; see [7, Theorem 4.9] (as stated in [10, Theorem 2.3], [7,
Theorem 4.9] is also true in the non-semisimple case).

LEMMA 2.5: The procedures of equivariantization and de-equivariantization are
inverse to each other. In particular:

(i) If there is a G-action on C, then C is equivalent to (C%)g.
(ii) If there is a Rep(G)-action on C, then C is equivalent to (Ca)©.

2.3. REPRESENTATION TYPES. A finite-dimensional algebra A is said to be of
finite representation type provided there are finitely many iso-classes of
indecomposable A-modules. Also, A is of tame type or A is a tame algebra
if A is not of finite representation type, whereas for any dimension d > 0,
there are a finite number of A-k[T]-bimodules M; which are free of finite rank
as right k[T]-modules such that all but a finite number of indecomposable A-
modules of dimension d are isomorphic to M; @y k[T]/(T — A) for A € k.
We say that A is of wild type or A is a wild algebra if there is a finitely
generated A-k(X,Y)-bimodule B which is free as a right k(X,Y)-module such
that the functor B ®jx,yy — from Rep(k(X,Y)), the category of finitely
generated k(X,Y)-modules, to Rep(A), the category of finitely generated A-
modules, preserves indecomposability and reflects isomorphisms.
The well-known Drozd’s trichotomy theorem [8] can be stated as follows.
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THEOREM 2.6: Every finite-dimensional algebra is either of finite, tame, or wild
type and these three are mutually exclusive.

2.4. QUIVER SETTING FOR QUASI-HOPF ALGEBRAS. A quiver is an oriented
graph I' = (I'g, I'1), where I'y denotes the set of vertices and I'; denotes the
set of arrows. Let kI' denote the associated path algebra of the quiver I'. An
ideal I of kT is called admissible if JY c I C J? for some N > 2, where J is
the ideal generated by all arrows.

For an elementary algebra A, by Gabriel’s Theorem, there is a unique quiver
T4, and an admissible ideal I of k"4, such that A = kT'4/I (see [3]). The
quiver I"4 is called the Gabriel quiver or Ext-quiver of A.

Next, let us recall the definition of covering quivers (see [15]). Let G
be a finite group and let W = (wq,wa,...,w,) be a sequence of elements of
G. We say W is a weight sequence if, for each g € G, the sequences W and
(qwig™!, gwag™!
W is closed under conjugation. Define a quiver, denoted by I'¢(1V), as follows.

s, gw,g~t) are the same up to a permutation. In particular,

The vertices of I'¢(W') comprise the set {v,}g4ec and the arrows are given by
{(ai,g) : v-1 = vy,g-1 |1 =1,2,...,n,9 € G}.

We call this quiver the covering quiver (with respect to G and W).
The concept of covering quivers is indeed dual to the concept of Hopf quivers
that appeared in [5]. Parallel to the proof of [16, Theorem 3.1] we have

LEMMA 2.7: Let H be an elementary quasi-Hopf algebra. Then its Gabriel’s

quiver is a covering quiver.

Let H be an elementary quasi-Hopf algebra, Q(H) its Gabriel’s quiver. By
Lemma 2.7, Q(H) = I'¢(W) for some group G and some weight sequence W.
The following definition was given in [21].

Definition 2.8: Let H be an elementary quasi-Hopf algebra and T'g (W) its
Gabriel’s quiver. Define ng to be the cardinal number of W and call it the
representation type number of H.

The following is a direct consequence of [21, Theorem 2.1].

LEMMA 2.9: Let H be an elementary quasi-Hopf algebra of tame type and ny
its representation type number. Then we have:

(i) H is of finite representation type if and only if ng = 1.
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(ii) If H is tame, then ny = 2.

3. Invariance of representation type

For convenience, we extend the notion of representation types of finite-dimensio-
nal algebras to that for general finite abelian categories. The point is to get
an invariant to measure the cardinality of the indecomposable objects of any
such category. Recall that an abelian category C is called finite if it is Morita
equivalent to Rep(A) for some finite-dimensional algebra A. Note that this is
equivalent to saying

(i) C is a k-linear abelian category and has finite-dimensional spaces of
morphisms;
(ii) every object of C has finite length;
(iii) there are enough projective objects in C; and
(iv) there are finitely many isomorphism classes of simple objects.

Definition 3.1: Let C be a finite abelian category and assume that C is Morita
equivalent to Rep(A4). The category C is said to be of finite type, tame type,
or wild type if the algebra A is of finite, tame, or wild representation type
respectively.

Clearly, the representation type of an algebra is an invariant of Morita equiv-
alence, hence the above definition is independent of the choice of A.

The main aim of this section is to show that the type of a finite abelian cate-
gory is preserved under the procedures of equivariantization or de-equivarianti-
zation.

PROPOSITION 3.2: C is a finite abelian category if and only if C is so.

Proof. Clearly, the properties (i), (ii), (iv) hold for C if and only if they hold
for CY. Tt remains to prove this for (iii). The proof is divided into four claims.

CrLAIM 1: If P is projective in C%, then ®(P) is projective in C.

Proof. Assume we have the following diagram in C:
where 7 is an epimorphism. From this, we get a diagram in C%:



166 HUA-LIN HUANG, GONGXIANG LIU AND YU YE Isr. J. Math.

®(P)
f
M ! - N
P
f
Ind(7)
Ind(M) » Ind(N)

where f is obtained by averaging f with respect to G but without multiplying
|Cl?|' Since P is projective in C, there is a ¢ € Homeo (P,Ind(M)) such that

f =Ind(w) o g. Note that M|Ind(M) and N|Ind(N). By restricting Ind(r) to
M, we have f = mog. Therefore, ®(P) is projective in C.

CLAIM 2: If P is projective in C, then so is Ind(P) in C%.

Proof. Assume we have the following diagram in C:

Ind(P)

M - N

where 7 is an epimorphism. Since P is projective in C, there exits a
g € Home(®(Ind(P)),®(M)) such that f = 7 o g. Similarly, by averaging
g with respect to G one gets g and it is straightforward to show that f = 7o g.
This implies that Ind(P) is projective in C%.

CraM 3: If (iii) holds in C%, then it holds in C too.

Proof. Take any object X € C. By assumption, there is a projective object
P € C% such that there is an epimorphism:

P — Ind(X).
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Since X |®(Ind(X)), we have

O(P) —» &(Ind(X)) - X.
Therefore, Claim 1 implies C also has enough projective objects.
CLAIM 4: If (iii) holds in C, then it holds in C¢ as well.

Proof. Take any object X € C“. By assumption, there is a projective object
P € C such that there is an epimorphism:

P — o(X).
This implies
Ind(P) - Ind(®(X)) — X.
Therefore, by Claim 2, C¢ also has enough projective objects.

COROLLARY 3.3: C is a finite abelian category if and only if C¢ is so.

Proof. By Proposition 3.2, Cg is a finite abelian category if and only if (Cg)®
is so. Since C is always equivalent to (Cg)“ by Lemma 2.5, then the desired
result follows.

Now we are ready to give the main result of the section. The proofs of the
following two propositions are the same as those of Propositions 4.2 and 4.4 in
[22] except for some minor technical points. For the sake of completeness, we
include them here.

PROPOSITION 3.4: C is of finite type if and only if C¢ is so.

Proof. “Only if part”: Let {X1,...,X,} be a complete set of non-isomorphic
indecomposable objects in C. Suppose X is an indecomposable object in C%.
Then ®(X) = @)_, n;X; and so Ind(®(X)) = D)_, n;Ind(X;). By Lemma
2.4, X|Ind(®(X)) and so X is a direct summand of Ind(X;) for some j. There-
fore, the non-isomorphic indecomposable C“-summands of all the Ind(X ;) give
a complete set of non-isomorphic indecomposable objects in C%. Obviously this
set is finite, thus C¢ is of finite type.

“If part”: The proof is almost identical to the preceding part. Let
{Y1,...,Y,} be a complete set of non-isomorphic indecomposable objects in
C%. Suppose Y is an indecomposable object in C. Then Ind(Y) = @?:1 n;Y;
and so ®(Ind(Y)) = @j_, n;®(Y;). By Lemma 2.4, Y|®(Ind(Y)) and so YV is
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a direct summand of ®(Y;) for some j. Therefore, the non-isomorphic inde-
composable C-summands of all the ®(Y;) give a complete set of non-isomorphic
indecomposable objects in C. As the set is finite, C is of finite type.

Next we consider the case of tame type. Before moving on, we need to
recall a technical lemma. Let A be an arbitrary finite-dimensional algebra. In
[22] the category GC(A), called generic category, was defined to investigate
indecomposable A-modules. By definition, its objects are A-k[T]-bimodules
which are finitely generated free as right k[T]-modules and morphisms are A-
k[T)-morphisms.

LEMMA 3.5 ([22, Lemma 4.3]): Let X € GC(A). Then X is indecomposable in
GC(A) if and only if X @47 k[T]/(T— ) is indecomposable as a A-k[T']/(T'—\)-
bimodule for some X € k.

PROPOSITION 3.6: C is of tame type if and only if C¢ is so.

Proof. “Only if part”: Suppose that C = Rep(A) (for some finite-dimensional
algebra A) is tame and we will prove that C¢ = Rep(B) (for some finite-
dimensional algebra B) is also tame. Clearly, C% is not of finite type since
otherwise C is of finite type too by Proposition 3.4. Let d be a positive integer
and X an indecomposable B-module. Assume dimy X = d and ®(X) = X; &
-+ @ X,, as a decomposition into indecomposable A-modules. Thus, X |Ind(X;)
for some ¢ € {1,...,m} by Lemma 2.4.

Since A is a tame algebra, there are finitely many A-k[T]-bimodules M; (j =
1,...
most all indecomposable A-modules of dimension < d are of the form M; @)
K[T)/(T — \) for some j and some A € k. In order to show that C¢ is tame,
there is no harm in assuming that X; = M;, Q) k[T]/(T — ) for some
i; € {1,...,n} and some A\ € k. Clearly, we can still define Ind(M;,) just
as usual and Ind(M;;) € GC(B).

Assume Ind(M;;) = By, Mi’j_ for a finite index set I;, where each MZ’j is
indecomposable in GC(B). By Lemma 3.5, lej @) k[T]/(T — A) is indecom-
posable as an B-k[T]/(T — A\)-bimodule too. This is equivalent to saying that
lej @) k[T]/(T —A) is indecomposable as a B-module since k[T]/(T —\) = k.

,n) which are free with finite rank as right k[7]-modules such that al-
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Since

X|Ind(X;) = Ind(M;,) @y K[T)/(T = X) = @ M} @iy K[T)/(T = N),
kel

it follows that X = MZ’j Q) K[T]/(T — A) for some i; € {1,...,n}, k € I; and
A € k. Since the set {ij |1 <i; <n,k € I;}is finite, B and thus CY is tame.

“If part”: The proof can be carried out in a similar manner as that of the “If
part” of Proposition 3.4 and so is omitted.

THEOREM 3.7: Let C be a finite abelian category acted by a finite group G.
Then C and CY are of the same type.

Proof. Direct consequence of Propositions 3.4, 3.6 and Drozd’s trichotomy The-
orem 2.6.

COROLLARY 3.8: Let C be a finite abelian category with a Rep(G)-action and
|G| < 0co. Then C and C¢ are of the same type.

Proof. Direct consequence of Theorem 3.7 and Lemma 2.5.

4. Generators of abelian groups

In this section, we consider the following very elementary question, which is
important for our later computations: Given two generators g, h of Z,, X Z, =
(91, 92|97 = g% = 1,9192 = g2g1) with m|n, we know that there are integers
a, b, c,d such that g = g‘fgg, h = gfggd and g, h generate Z,, X Z,. The question
is: can we simplify the expression of g, h? That is, up to an automorphism of
Do, X %y, deduce the integers a, b, ¢, d as simple as possible.

To this end, we call two generators hy, ho of Z,, X Z, are standard if there
is an automorphism o € Aut(Z,, x Z,) satisfying o(g1) = hi1,0(g2) = h2. The
main result of this section can be formulated in the following form.

PROPOSITION 4.1: Assume that g and h generate the abelian group Z, X Zn,
with m|n. Then there are integers mi,ma, n1,na,a,b such that

(i) m = miny, n = mang, my|ma, nilna, (M2,n2) =1;

(ii)) 0 < a < mn2, 0<b< my and

g = g2h1hs, h = gighhs
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where g1, g2 (respectively hy, hs) are standard generators of Zy,, X Zuy,, (respec-
tively Zin, X Zin, ).

To prove the proposition, we need a preliminary lemma.

LEMMA 4.2: Let p be a prime and g,h be two generators of Z,: X Z,; with
i < j. Assume that the order of g is not bigger than that of h. Then there
exists 0 < a < pj such that

9=9193, h=g2

where g1, g2 are standard generators of Zi,i X ;.
Proof. We start with two claims.
CLAIM 1: The order of h is p’.

Proof of Claim 1: Otherwise, the orders of g and h will be strictly smaller than
p?. Therefore, there is an [ < j such that gpl = h?' = 1. From this, we know
the order of every element generated by ¢, h is at most p'. This is impossible

since g, h generate Zpi X Zp;.

CLAIM 2: h is standard.

Proof of Claim 2: Regarding Z,: x Z,; as a Z,;-module, by Claim 1 (h) = Z,;
is a submodule. It is well known that Z,; is a QF-ring (QF means quasi-
Frobenius). So there is a Z,;-module M such that Z,: x Z,; = Zypi & Ly =
M @ (h). By the Structure Theorem of finitely generated abelian groups, M =
L. Therefore, h is standard.

Now we are in a position to give the proof of this lemma. By Claim 2, there
are standard generators hi, ho of Z,: x Z,; such that h = hy. Therefore, there
are s,t such that g = h{h%. Since g, h generate L X Wiy b1 = gPh¢ for some
b,c. So we have

hi = g°h¢ = hibhéb-l-c.
Thus sb = 1(p*) and so (b, p’) = 1. From this, define the automorphism

@i Dpi X Topg — T X Doy by > BS, ho v ha.

p s
Now let g1 := @(h1), g2 := @(ha), we get the desired result.

According to the proof of the previous lemma, we have the following
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COROLLARY 4.3: Let g, h be two generators of Zy, X Z,, with m|n. Assume the
order of h is n, then there are standard generators gy, go of Z, X Z, such that

9=9195, h=g2
for some 0 < a < m.

Proof of Proposition 4.1. Let m = Hle pit, n= H§:1 P be the prime decom-
position of m,n. By assumption, a; < b;. S0 Zp, X Zy = @ZZl(qui X sz_”-).
For each 1 <1 < ¢, let g;, h; be standard generators of qui X sz_n-. So there

are s;, t;, x;,y; such that

t t
g:Hgfihfi, h:Hgfihlyi.
1=1 =1

We call g7ih! (resp. g7*hY") the i-th part of g (resp. i-th part of h). By Lemma
4.2, the i-th part of g or h is standard. So we may assume without loss of
generality that there exists 1 < s <t such that for each 1 < j < s the j-th part
of g is standard while the [-th part of h is standard for s <1 <t.

Define my := [T;_; p{*, ma = [Ti_y 97 ma = Tim gy 05, 2 = [T gy 27
and ¢ = [17_, gi» g5 :=1;_q hi, B} = HEZS“ gi, hh = HEZS“ h;. Accord-
ing to our choice, one can assume that the product of the first s parts of g
equals g5 and the product of the last ¢t — s parts of h is h}. Using Corollary 4.3,
there are 0 < a < ny and 0 < b < msy such that

g = g2h1hs, h = gighhs

where g1, g2 (respectively hy, ha) are standard generators of Z,,, X Zy,, (respec-
tively Zin, X Zn,).

5. Construction of quasi-Hopf algebras

Gelaki invented a method of constructing new quasi-Hopf algebras from known
Hopf algebras in [14]. Angiono generalized this method to classify elementary
quasi-Hopf algebras over cyclic groups with a minor condition [2]. In this sec-
tion, by applying Gelaki’s method we construct graded elementary quasi-Hopf
algebras of tame type which are over non-cyclic abelian groups in general.
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5.1. TAME GRADED ELEMENTARY HOPF ALGEBRAS. Consider the following
Hopf algebras. Let W = Z,, X Z, with m even and m|n. Assume g,h are
two generators of W. Let ¢,p be o(g)-th and o(h)-th primitive roots of unity
respectively. Take two integers Iy, ly with I1|m, l2|n and set go := ¢'t, p; := p'2.
Assume that pjgo is an [-th primitive root of unity. Then the elementary Hopf
algebra H(m,n,ly,ls, g, h) is defined to be an associative algebra generated by
elements x,y and g, h, with relations

g and h generate Z,, X Z,, z*=y*= (zy)' + (—q) (yz)' =0,

1 1

grg ' =q 'z, gyg ' =y, hahT' =z, hyh ' =p~y.

The comultiplication A, counit e, and antipode S are given by
Alg)=9®g, Ah)=h&h,
o9) 1, Iy o)
Al)=z@l+g 2 h> @z, Aly)=y@l+tg'h 2 oy,

() =) =1, =(x) = e(y) =0,
S()=g7" S(h)=h"", S)=—¢' hu, Sy)=-gn"y.
The main result of [18] can be stated as follows.

LEMMA 5.1 ([18, Theorems 4.9 and 4.16]): Let H be a connected radically
graded tame elementary Hopf algebra over an algebraically closed field k with
characteristic 0. Then as a Hopf algebra it is isomorphic to H(m,n,l,la, g, h)
for some m,n,l1,ls and two generators g, h of Ziy, X Zy,.

Here “connected” means that H is connected as an algebra; see [3].

5.2. 3-COCYCLES OVER FINITE ABELIAN GROUPS. For any finite abelian group
G, we obtained a complete set of representatives of 3-cocycles (with coefficients
in k£*) in [20], which is one of the key technical ingredients of this paper. Let’s
recall it.

Let G = Zp, X -+ X Ly, be a finite abelian group. A tuple of standard
generators of G is denoted by g1, ..., g,. For any natural number, (; is an [-th
primitive root of unity. As usual, we use (Bs,ds) to denote the bar resolution
of GG. Define A to be the set of all sequences
(o)

(al, ey Qly ey Ay, @12, . - .,aij, . ,an,Ln,a123, ooy Qpgty - - .,anfgynflyn)
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such that 0 < a; < my,0 < a;; < (Mg, m;),0 < arge < (My,mgs,my) for 1 <[ <
n,1 <1 <j<nl<r<s<t< nwhere a5 and a, are ordered by the
lexicographic order. The sequence (¢) is denoted by a for short.

For any a € A, define a ZG-module map

(5.1) waZBg—)k*
i in in ok n
[9111"'9279{1"'9% a911"'95]

n -
apir|
=114
=1

LEMMA 5.2 (20, Proposition 3.1]): In the cochain complex (B¥,d7), the set

1k i [dst+k
my ] H CaStlt[]gms ) ] H C_aw“st krjsit
(ms,my) (M ms,me)

1<s<t<n 1<r<s<t<n

{wala € A}

is a complete set of representatives of 3-cocycles.

Let kZ; be the group algebra of the cyclic group Z; = (g) and for all 0 < i <
[ — 1 define

It is known that g1} = (/1! and {1}|0 < i <1— 1} is a complete set of primitive
idempotents of kZ;. If [ is a square integer, say [ = 12, then let g = ¢! and
define

1 v
1= HZ( 1=0)igd,

The superscripts of 1 and 1! will be omitted when there is no risk of confusion.
We have the following identity (see also [14]):

-1
(5.2) > iy =1L
j=0

Let G = Zy, X Zy, with m|n and hy, hy be standard generators. Assume that
m =m? and n = n? and let G := Zp X Zn, hy := A, hy := hY. Regard
kG as a quasi-Hopf algebra with associator ®. Then by Lemma 5.2, ® is of the
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form

Cape = Wape(g8 h? ghi? g h*)1;, 1, @ 1,1, @ Iy, Iy,

@iy +k1 i J1+k1 ci Jjo+ko
(5.3) Nt Ry g e 1 @ 1, 1,

(m,m)

ai i J1+tk1 ci 2+
= 3 gl el 1, © 15,15, © Tiy L,

for some 0 < a,b < m and 0 < ¢ < m, up to twist equivalence; see [6]. For any
integer 7 € N, we denote by ¢/ and i” the remainders of the divisions of 7 by m
and n respectively. Define

az1(y1 bxa(y1 cx
Jape = Z Z % v yl)Cm(erE‘lym)yl)g e y2)1 1o, @1y, 1y,

z1,22=1y1,y2=1

(54) _ Z C(awr‘rbzz)(yl y1)CCz2(y2 yz)]_ 1m2®1y11y2-

Z1,22,Y1,Y2

A key observation, which is known for cyclic groups is as follows; see [14,
Lemma 3.5].

PROPOSITION 5.3: d(Jap.c) = Papc-
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Proof. For brevity, write J = J, 4 .. Then
d(J)= (1@ J)(id® A)(J)A@id)(J )T ' e1)

2 : (az1+bx2)(y1—yy) ~c2(y2—ys )
= Cm ! Cﬂ 1® 111 1132 ® 1yl 1y2
T1,T2,Y1,Y2
E : C(ai1+bi2)(j11+j127(j11+j12)')Cci2(j21+j22*(j21+j22)”)

m n

1,12,J11,J21,712,J22

1i1 11'2 & 1j11 1j21 ® 1j12 1j22
—[a(i11+i12)+b(i21 +i22)](j1—41) ~—cliz1+iz2)(j2—355 )

Cm Cn
111,%12,%21,922,71,J2

1i11 ]-i21 ® 1i121i22 ® 1j1 ]'j2

Z Cﬂ:(am-ﬁ-buz)(m—Ui)g:cuz(vz—vg)1u1 Ly @ 1y, 1y, ® 1
U1,U2,V1,02
_ Z C(aileriz)(ji+k§*(j1+k1)')Cmé(j§'+k§'*(j2+k2)”)
- m n

i1,92,71,72,k1,k2

1i 1i2 ® 1j1 1j2 ® 1k11k2

=Y ey 1 011, @ 1, T,
i1 02,4172, k1, k2
=®4pc.
5.3. CONSTRUCTION. Let H := H(m,n,li,ls,g,h) and set X := g’°(2g) h=tg,
Y = g_llh_o(;)y. Assume that m = m? and n = n?. By Proposition 4.1,
g = g2h1h§ and h = glgghg. We keep the notation of Section 4. Note that
m; = m? and n; = n? for i = 1,2. As in the above subsection, let J = J, ..

for some 0 < a,b < m and 0 < ¢ < n. Consider the subalgebra A(H,J) C H
which is generated by X,Y and g; := ¢;"*, h; := h}" for ¢ = 1,2. The main
task of this subsection is to determine when A(H, J) is a quasi-Hopf subalgebra
of HY.

Convention: For convenience, A(H, J) is abbreviated as A(H) when it is clear
from the context.

We start with a special case in which the order of one of g, h, say h, is n. By
Corollary 4.3, we can take g = h1h§ and h = hsy for some 0 < ¢ < n, where
h1, ho are standard generators of Z,, X Z,. It turns out that this case already
sheds much light on the general situation.
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LEMMA 5.4: Assume that g = hih§ and h = hy for some 0 < ¢ < n. For
H = H(m,n,ly,la,g,h), we have
(i) o(g) = m, nlom,

(il) X = ¢ Xhy, MY = Copt Yhy, hoX = Xho, haY = (1Y ho,
(i) 17°X = X170, 1Y = Y17 o,
(iv) 17X = X1, 17Y = Y17,,.

Proof. Since hy is generated by g and h, thereis £ € k* such that thhl_1 =¢X.
By the definition of H, gXg~ ' = Co_(;)X. At the same time,

gXg = hhg X (MhS) ™ = i Xht =£X.

Therefore, £ = C;(;). So o(g) < o(h1). On the other hand g = hyhg, and so
o(g) > o(h1). Thus o(g) = o(h1) = m. This implies that 1 = g™ = (h1 h§)™ =
(hg)™. So n|om. We have proved (i).

For (ii), the first equality already appeared in the proof of (i). We only need
to prove the second equality as the last two equalities are just the definition
of H. In fact, by definition, ¢ = Yg¢. That is, hih§Y = YhihJ. Since
hoY = (1Y ho, hih3Y = (,;“h1Y hg. Therefore, ¢, “h1Y = Y h; which implies
that 7Y = (CYhy = Gop Yhy.

For (iii), we have

m—1

m—1
m 1 —ijpJ 1 —ij ~—j j
X =Y GmX = > GG Xh
Jj=0 Jj=0
1 m—1 ]
=X(, 3 G = X7,
j=0

m—1

m—1
1 .. . 1 .. omj .
1Y = S GEMY = N GG Y
i m = gm 1 m Pt gm g 1

—

Gl TR =YL
The proof of (iv) is similar to (iii) and so we omit it.

PROPOSITION 5.5: Assume that ¢ = h1hg and h = hy for some 0 < o < n.
Then A(H) is a quasi-Hopf subalgebra of H” if and only if

a=0, n|lzg, 1 +b=0(m), c+oly =0(n).
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Proof. By Proposition 5.3, we know ®,,. € A(H) ® A(H) ® A(H). Again,
write J = J, 3. In the proof of the following equations, identities in Lemma
5.4 are used freely.

Ay(X) =JAX) T = Y gt gy g e 1,1,

ZiYi
x(X2g P h 1 19X)

« Z C’;l(asﬁrbsz)(tl7t’1)C7:652(t27t’2,)151 1o, ® 14, 14,

Siyti

. Z Q(éml +bw2) (Y1 —yi)gclwz (y2—y3) C;l(aa +bs2)(t1—t]) CT:CSz (t2—t35)

T5i,Yi,Sists

myq 7nu‘y2

—1
Cm 2 Cﬂ zszlzl-‘rllwzlSl 152 ® 1y1 1y21t1 1752
+ Z C’r(élwl +bwz)(y1—y1)gclwz(y2—y2 )Cn_’b(aSl +b52)(t1—t/1)4~5082 (tz—tg)
T5i,Yi,Sists
115,15, 1, @ X1y 411y,14, 14,
7 Z C (axi4bxa)( y17y{)Cﬁm(yz*yé')C;L(arnLaerm)(ylfy{)cgcrz(yzfyé')

LiYi
my1l

_movy
Cn 2 Gn 2 T X g 1e, @ 1y, 1y,
+Z C (az14+bxa)( y1*yi)Q‘im(yzfyg)Cn—l(azl-‘rbzz)(y1+1—(y1+1)/)§“’;‘312(y2*y;)

TiYi

111 112 ® X1y1+11y2

B )= "Y1 moy2 g
_ Z Cma(y1 vy =" C’ﬂ 2 2y2X111+1112 @ 13}11112
Ti,Yi
+ Z C;m(az1+b$2)(yl+l_(y1+l) )111 112 @ X1y1+11y2'
Ti,Yi

Consider the first item of this expression clearly

3G G T e X, @11, € A(H) © A(H)

Tiyyi
if and only if m|(a + "}') and mn|(lz + ")). Since we already have m|7" (m is
even, by assumption) and n|";7, the condition is equivalent to m|a and n|l>. So
a = 0. It is not hard to see that the second term always belongs to A(H)QA(H).
Therefore, A;(X) € A(H) ® A(H) if and only if a = 0, n|ls.
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Now consider A;(Y).

AJ(Y) _ Z C(aml+bxz ylfyll)cgr2(y2*yg)1ml 112 ® 1y1 1y2

TirYi

x(Y@g 'h™2 +1@Y)
x 3 glen it mt) Cenlanty @ 1,1,

Siyti
Z C(ax1+bxz y1*yﬁ)Qim(y2*y§')crﬁ(asl+552)(t1*t'l)<7:652(t2*t'2')
Ti,Yi,Sisti
—liy1 _UllyQ_mf
GtV Cn lelfam looy1ls, Ls, @ 1y, 1y, 14, 14,
+ Z C(ax1+bxz)(y1 yl)chz(yz yz)c (as1+bs2)(t1— t )C cso(ta— t )
Ti,Yi,Sisti
Loy lapls,1s, ® Ylyl—":‘ Lys+11e, 1ty
- (az14ba2)(y1—y)) ~cwa(y2—yy ) »—(a(wi— " )+b(x2+1)) (y1—vy7)
=> (m Gn (m
TirYi
" _ _ny2
G DT o T Y L oLy @ L, 1y,
+ Z Q(;szl+bxz)(y1fyi)Cflacz(yzfyé’)g;l(aerbm)(yl*”,1"*(7;1*”,1")')
ZiYi
Grem et e, 1, @ Yy, an Ly
TiyYi
® 1y1 1y2
3 glam e T ) el g
TiYi

Y1y om Lyt

Similar to the analysis for A ;(X), it follows that A;(Y) € A(H)® A(H) if and
only if 1 +b=0(m), ¢+ ol; = 0(n).
Since

Z C(az1+b12)(w1 ml)ccmg(wg 12)1 1127

Z1,T2

Z29

g=Y (lamtbm)(mom)=(m=e)) gers((n=ra)=(n=e2)1 1

Z1,T2
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SO

OZJ,BJ _ Z C;(am+b12)((m—I1)/-‘rﬂﬂll)Q:Cﬂﬂz(("—wz)”-i-zg)1111I2'

T1,T2
Clearly, the coefficients of 1sm 44, (resp. linia,) and 1,, (resp. 1,,) are iden-
tical, thus a;8; € A(H).
Under the assumption that a = 0, we have

S,(X) :BJS(X)ﬂj_l _ Z C%Ez((mfﬂﬁl)*(m*m)’)cflrz((nfrz)f(nfrz)”)111112

Z1,T2

~ (7ngbhl2) Z C;LbsQ((mfsl)f(mfsl)’)cgcsz((nfsQ)f(nfsz)”)151152

51,82

o Z CS?((m_wl)_(m_zl)/)Cﬁm((n_m)_(n_z?)”)Xl

- I1+1112
T1,T2

U2 lowy

% Cw’;: (m+1)€n Z C;bSZ((m—51)—(m—sl)')gm((n—SQ)—(n—SQ)“)151152

51,82

Z1,T2

From this, we find that S;(X) € A(H) if n|ls. Also, assume that a = 0; we
have

Ss(Y) :ﬂJS(Y)5;1 — Z C‘ﬂm((mle)*(m*fﬂl)’)Czrz(("*12)7(n*m)”)1I1 1o,

T1,T2

> (7Xgl1hg) Z C;lbsz((mfsl)*(mfsl)/)crzcsz((n*52)*(n*52)//)151152
51,582

_ Z Cszﬂz((m—ah)—(m—zl)/)Cflzg((n—mg)—(n—zQ)//)Ylwl_UT,Ln 112+1
XT1,T2

y ll(zl_ay)cgl1(11+l)+g(z2+1)

Z Cn—lbsz((m—sl)—(m—sl)/)C;CSz((n—Sz)—(n—Sz)”)151152

51,582

_ Z Cbm(f"]L"f(mle)’Jr(mleJr";")’)+(ll+b)(11*”T’L")er(m*IIﬂLgﬁn)/
= - m
T1,Tr2

Cflwg(l—(n—wg) —(n—xz2—1) )+(c+all+g’)(mg-i-l)-i-c(n—wg—l) Y]_zl,c';n 1z2+1.

align Similarly, one can show that S;(Y) € A(H) if a = 0,13 + b = 0(m) and
c+oly =0(n).
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A quasi-Hopf algebra is said to be genuine if it is not twist equivalent to a
Hopf algebra.

PROPOSITION 5.6: Ifb # 0 or ¢ # 0, then the quasi-Hopf algebra (A(H), ®gp.c)
constructed in the above proposition is genuine.

Proof. Otherwise, A(H)” is a Hopf algebra for some invertible element J €
A(H) ® A(H). Then consider its degree zero component

Jo = Z 6(x1, 22, Y1, Y2) Loy Loy ® Ly, 1y,
TiYi
Therefore, ®¢ 4 . = d.Jy, which is equivalent to saying wo . = dd, a contradic-
tion.

Finally we are ready to consider the general case, that is, without the as-
sumption that A is standard. According to Proposition 4.1, there are integers
mi,ma,ny,na, a,b such that Z,, X Zy, = (Zm, X Zny) X (Zn, X Zp,) with
mi|ma,ni|ng, (m2,ne) = 1 and g = goh1hl, h = g1g5hs. Here g1, g2 (resp.
hi,hs) are standard generators of Z,, X Zin, (vesp. Zpn, X Zn,).

Assume that m; = m? and n; = n?.. By Lemma 5.2, every associator of the
group algebra kZ,, x Z,, (view as a quasi-Hopf algebra) is of the following form

q)a1,b1701(1)a2,b2702
— (alilerliZ)[jlv:fl] Cli?[j2ﬂ::2]]1m1]1m2 1Mime g M1]Mms
= <1m1 Clm2 i1 i ® Jj1 T J2 ® k1 k2

gt T e i o 131 o 11
for some 0 < ay,b; < my (resp. 0 < ag,b0 < my) and 0 < ¢; < my (resp.
0 < ¢2 < mg ), up to twist equivalence. Similarly to Proposition 5.3, we can
construct Jyu, by e, (resp. Ju,.by.e,) and show that d(Ju, py.c) = Pay,by,e; and
A(Jaz,bs,c5) = Pas,ba,co-
So, in one word, the group Z,, x Z, “splits” into two parts and every part is
the same as the special case considered before. Therefore, we state the following

conclusion without proof.

THEOREM 5.7: Using notions given above and setting J = Ja, b, ,c1 Jas,bs,cor WE
have:
(i) A(H) is a quasi-Hopf subalgebra of H” if and only if

ap = 0, 11’1'12”1, ZQ + bl = O(ml), c1 + le = O(KHQ),
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az =0, nslle, 1 +b2=0(m1), c2+al; =0(n2).
(ii) If (b1, ba,c1,c2) # (0,0,0,0), then A(H) is genuine.

6. Graded elementary quasi-Hopf algebras of tame type

In this section, the structures of tame (radically) graded elementary quasi-Hopf
algebras will be determined. We begin with a basic observation.

PROPOSITION 6.1: The quasi-Hopf algebras A(H) are tame.

Proof. Let H := H(m,n,lq,ls2,g,h). For convenience, let m; = m and ms = n.
Assume that m; = mf for ¢ = 1,2. Let hy,hs be standard generators of
limpy X Loy, C H. Write G := Zypy, X Zipm, and C := Rep(A(H)). We will show
that Rep(H) is equivalent to C%.

Forj;,=0,...,m;—1landi=1,2,let F; j, : Rep(A(H)) — Rep(A(H)) be the
functor defined as follows. For an object (V,my) € Rep(A(H)), F;;,(V) =V
as vector space, and 7p, ; (a) = mv(hliah;?"), a € A(H).

The isomorphism v, 1%, : F1j, (F1,5, (V) = F1 (400 (V) (vesp. y2j, 2k,
Fy j, (Fo (V) = Fy (jy 4oy (V) is given by the action

() " e AGH) (resp. () T € A
and s, i,k = 1 for i1 # ia.

By the definition of C%, an object in it is a representation V' of A(H) together
with a collection of linear isomorphisms p;;, : V= V, j; = 0,...,m; — 1,
i = 1,2, such that

Pij; (av) = hgiahi_jipi,ji (U)a Vae A(H)7 velV,

and
. L
. — . (hml) (,‘11+7€‘11131+Jl+k1
P1,j1P1kr = P1,(ji+k1) 01 )
—(j2+k2) +io+ka
— m2 m
D2,jaD2,ks = P2,(jotks) (M22) 2

It is now straightforward to verify that this is the same as a representation of
H, because H is generated by A(H) and the p; j, = hgi with exactly the same
relations.

Therefore, Rep(A(H))¢ is equivalent to Rep(H) and thus A(H) is tame by
Theorem 3.7.
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Remark 6.2: (1) The method proving that C¢ is equivalent to Rep(H) already
appeared in the proof of [10, Theorem 4.2] by Etingof and Gelaki.

(2) To show Proposition 6.1, one may take a more direct way. It is not hard
to see that A(H) = A#k(Zy, x L) where A = k(z,y)/(2?, 4%, (zy)™ — c(yz)™)
for some 0 # ¢ € k. Note that A is a special biserial algebra and thus tame.
Therefore A(H) is tame by [22, Theorem 4.5 |. The method adopted here reveals
the power of the idea of equivariantization and de-equivariantization.

PROPOSITION 6.3: Let A = @, A[i] be a connected tame graded elementary
quasi-Hopf algebra which is geniuine. Then there are H = H(m,n,li,l2,g,h)
and J € H® H such that there exists a graded quasi-Hopf algebra epimorphism
m: A— A(H,J) which is the identity restricted to degrees 0 and 1.

Proof. Using the same argument as for [18, Proposition 4.3], we observe first
that Ap is the group algebra of an abelian group which is generated by two
elements g, h. So A[0] = kZm X Zn with m|n. Let hy, hy be a tuple of standard
generators of Zmy X Zn. Lemma 2.9 implies that the representation type number
of A is 2, which is equivalent to the fact that A[1] is free A[0]-module of rank 2.
The following is similar to the proof of [2, Theorem 3.2.1]. Since A[1] is an
A[0]-bimodule and A[0] = kZm X Zn, then A[1] has a decomposition

A[l] = @ AT17T2[1]
1,72
where A, .,[1] = {2 € Alhyzhy! = (fta, hozhy' = (2a) for 0 < 7 <
m, 0 < r; < mn. Let A be the tensor algebra of A[1] over A[0]. Obviously, it
is a quasi-Hopf algebra and we have a canonical surjection my : A — A. Let

m =m?, n=mn2 and let x1, x2 be the two automorphisms of A defined by

Xilao =1d, xila,, 0 = Gn Id, x2lag =1d, x2la,, . pp =2 1d.

Let L be the sum of all quasi-Hopf ideals of A contained in D~ Ali]. Then
Kerm C L and x;(L) = L, so x; acts on A := A/L fort=1,2. Define H to be
the quasi-Hopf algebra generated by A together with two group-like elements
h1, ho subject to relations

h]in = ]hl, hn2'1 = ]hg, h1h2 = hghl, hlzhfl = Xi(Z)

for all z € A and i = 1,2. So hy, hy generate a group in H which is isomorphic
t0 Zipy X Ly,
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By Lemma 5.2, we can assume that the associator of A equals @, . for some
0<ab<m,0<c<mn. Define J :=J,;. € H® H just as equation (5.4). By
Proposition 5.3, H” "' is a connected graded Hopf algebra.

Crav: H7 ™' is a tame algebra.

Proof of this Claim. Since H’ " is none other than H as an algebra, it suffices
to show that H is tame. By the same idea used in the proof of Proposition
6.1, Rep(H) is equivalent to (Rep A)¢ for some finite group G. Then Theorem
3.7 implies that H and A have the same representation type. So it remains
to show that A is of tame type. Since Ker(m) C L, there is a quasi-Hopf
algebra epimorphism 7 : A — A. Since A is tame, A is of tame type or finite
representation type. If A is of finite representation type, then its representation
type number is 1 by Lemma 2.9. Since clearly 7 is identity on A[0]@® A[1], A and
A have the same representation type number. Therefore, n 4 = 2 and thus A is
not of finite representation type. This completes the proof of this claim.

By Lemma 5.1, ) A~ H(m,n,li,la,g,h) for some li|m, lz2ln and two
generators g, h of Z,, x Z,. Regarding this isomorphism as an identity, A =
A(H(m,n,ly,la,g,h),J) and so we have a quasi-Hopf epimorphism 7 : A —
A(H(m,n,ly,la,g,h),J) which is the identity restricted to degrees 0 and 1.
The proof is complete.

PROPOSITION 6.4: The epimorphism w given in Proposition 6.3 is indeed an

isomorphism.

Proof. As Theorem 5.7 indicates that the general situation separates naturally
into two independent parts, so there is no harm to assume that A(H,J) is just
the A(H) considered in Proposition 5.5 and thus all notation appearing therein
is used freely henceforth. Since 7 is an identity in degree 1 and degree 0 parts,
we denote the preimage of X, Y under 7 still by X,Y. To prove the assertion,
it is enough to show that the relations in A(H) still hold in A. In other words,
the equations X2 =0, Y2 =0 and (XY)' 4 (—¢; DY (Y X)! = 0 hold in A. We
remark that the last equation appears different from the corresponding relation
in H(m,n,l1,l2,9,h) (g2 is replaced by q2_1), due to the choice of generators

_o(g

X:=g 2)h_l2z, Y = g_llh_O(;)y.
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CrAaM: X2 =0 holds in A.

Proof of this Claim If not, consider the subalgebra B C A generated by A[0] and
X?2. Of course, B is finite-dimensional. Using the fact that the comultiplication
is an algebra map and the formula of Ay in A(H), we have

AJ(X2) = Z C;fa(yl7y1)C;212y2X21Z1+21Z2 ® 1y1 1y2

ZiyYi
+ 37 gt e Dy e X7, .
TiyYi

So B is indeed a quasi-Hopf subalgebra of A. Similar to the proof of Proposition
6.3, let B be the tensor algebra Tgjo)B[1]. Then it is a quasi-Hopf algebra as
well. Let I be the unique maximal quasi-Hopf ideal contained in @, , B[i] and
set B = B/I In the same manner, we may define y; and x2 as in Proposition
6.3. Then we can construct a twist J of Hp := (B#k[h1, ha])/ (R —h, k3 —hy)
such that H ]{1 is a Hopf algebra. In this Hopf algebra, direct computations
show that A(X?) = X2@hy 2?2 +1® X2, hyX? = X2hy. It is well known that
this condition will force (X?2)¢ # 0 for all i > 1. In fact, if otherwise, take ¢ to
be smallest number such that (X?)" = 0. Then

t .
0=A(XH) =) < . ) (X2)7 @ (X2)" Iy ™"
j=0
which leads to the contradiction (X?2)~! = 0. Therefore, the subalgebra gener-
ated by X? is infinite dimensional and thus B is infinite dimensional too. This
is a contradiction.

Using the same argument, we have Y2 = 0 in A. The proof for the equa-
tion (XY)! 4 (—¢gz )Y X)! = 0 is more complicated, but the same argument
used above still applies. Hence we only sketch the proof and leave the de-
tails to the interested reader. Let B be the subalgebra generated by A[0] and
(XY) 4+ (—g; HI(Y X)L Again, it is a quasi-Hopf subalgebra of A and in Hg;l
we have

AZ)=Z®g+1R®Z, gZ=Zg,

where Z = (XY)! + (—¢; DY (Y X)! and g = hl1(7l17g)hgl(flﬁ?;)ﬂ(flrg); see

[18, Lemma 4.14] for an explanation of the complicated form of g. From this,
one may conclude that H ]{1 is infinite dimensional, which contradicts the fact
that B is finite dimensional.
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Combining the preceding two propositions, our desired main result follows.

THEOREM 6.5: Let A = @, Ali] be a connected tame graded elementary
quasi-Hopf algebra. Then A is twist equivalent to one of the following quasi-

Hopf algebras:

(1]
2]

(3]

(i) H(m,n,l,la,g,h) for some m,n,ly,ls and two generators g, h of Z,, x
Lo,
(ii) A(H,J) for some H = H(m,n,li,ls,g,h) and twist J € H ® H.
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